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Loi néi dau

Olympic Toan sinh vién 1a cudc thi hoc thuat thudng nién duoc phdi hop té chirc bai Hoi
toan hoc Vi¢t Nam va B Gido duc dao tao danh cho sinh vién céc truong dai hoc va cao
déng trong ca nudc. K& tir 1an dau duoc t6 chirc vao nam 1993, cudc thi da trai qua chéang
duong hon 25 nam. Cudc thi dd gop phan quan trong trong viéc thiic diy phong trao day va
hoc toan trong céac trudng dai hoc, cao dang trong ca nudc véi mot ti 16 khong nho cac sinh
vién dat giai dén tir cac trudng khong ¢ chuyén nganh toan. Gi6i han day sb 1a mot phan
kién thirc quan trong trong qué trinh thiy c6 va sinh vién 6n thi Olympic. Bao céo da dua ra
mot s6 vi du tinh gi6i han vé ddy sé dong thoi dua ra 101 giai cling nhu nhan xét sau mdi bai

lam.

Ha Noi, thang 12 nam 2024

Thac sy

Nguyén Thuy Linh



Phuong phap anh xa Co
Phuong phép 4nh xa co duoc ap dung véi cac diy sb (a,,) thoa man
|an+1 — anl < Clay — ap-4|
V61 0 < € < 1. Co s¢ cua phuong phép anh xa co 1a dinh i sau:
Dinh li. Cho day s (a,,) x4c dinh boi a,,,; = f(a,) trong d6 f 1a anh xa co, nghia 14 |f(x) —
f()] < Clx —y| v6i € < 1. Khi d6 (a,,) s& hoi tu vé diém bat dong duy nhit cua f.

Bai 1. (Olympic Toan sinh vién toan qudc nim 2003)

Cho day s (u,,) xac dinh nhu sau u; = 1; u;’“ =1+ u2°11 n=1,23,... Tinh:

n

. u%Oll u%Oll u121011
lim + + -+

U, Uz Un+1

Loi giai.
Tur cong thire x4c dinh day ta co

11w 11

_— = - [

un un+1 un+1 un+1 un un+1

Do do:
2011 2011 2011 no 2011 n
ujy us u; uy, 1 1 1 1
+ +oet = =) (—- =
U, Uz Un+1 Uk +1 U Ugyq U Upyq

k=1 k=1

Ta cod u, > 0,Vn nén ta co: u,,q = U, + u2’? > u,, hay diy di cho ting thuc su.

Gia str ddy khong c6 chan trén thi né s& ¢6 Up,,; = U, + u2°1? > u, hay diy ting thuc su.
Gia sir day khong c6 chan trén thi n6 s€ c6 gidi han, datné la I. Ta théy 1>0.

Chuyén diy vé gi6i han ta c6 I = I + I1?°12 & [ = 0, mau thuan.

Suy ra day da cho khong bi chén trén hay limu,, = +oo.

Do d6 ta co

o fuPorr g2om u2o1 . 1 1
lim + + -+ =11m<———)= 1.
U Us Un+1 1 u,

Nhan xét. Bai toan trén thudc dang quen thudc véi ¥ tuong rat gon tong dudi sai phan dé dua gisi han
can tinh vé gi6i han ciia ddy ban du.

Bai 2. (Olympic sinh vién toan qudc, 2008)



Cho diy sb {u,,} x4c dinh boi
’u1 - 3

1
Uppy = g(urzl +u, +4),n=123,..

a) Chung minh rang (u,,) 1a dy ting nhung khong bi chan trén.

b) Ditv, = Z_lﬁ,n =1,2,3,.... Tinh lim v,.

- n—oo
Loi giai.
a) V&imoin > 0 thi cac s6 hang cua diy déu duong.
Ta co
Upsr — Up =§(u,21+un+4) — U, =§ (U2 — 4u, +4) =§(un—2)2 >0
Do d6 day giam.
Tru; =3>2nénu, >2,vnTuddéu,,; —u, >0 - u,,; > u,, Vn hay day da cho don di¢u
tang.

Gia s day bi chdn trén thi s€ ¢6 gidi han, gia swlal > 3. Chuyén qua gidi han ta dugc
1 i
I = g(l2 + 1+ 4) & I =2 (miu thuan).
Do d6 day khong bi chan,
b) Gid st ta c6 cong thure

1 1 1 1 Uppqr — Uy
= a( + ) o =a
U, + 3 U +b ug+b u, +3 (uy + b)(ugyq + b)

Quy ddng mau va bién ddi ta dugc
(Ba — b)uyyq + (@ — Duyyqu, = auz + 3a + b)u, + b>.
Chon a = 1 ta duoc (3 — b)uy,q = u + (3 + b)u, + b2
Chon b = —2 ta c6 cong thirc da cho.
Nhu thé, ta co

11 1
uk+3_uk_2 uk+1_2

Suy ra




o _ . n 1 . 1 —
Do d6 lim u,, = +oo nén lim Zk=1uk+3 = lim (1 un+1—2) L

Nhan xét. Trong bai toan nay ta i dang phuong phap hé s bat dinh dé thir tim mot quan hé c6 dang
sai phan gitra céc biéu thirc lién quan nham rut ra tong can tinh dé tim gidi han.
Bai 3.
Cho diy sb {x,,} duoc xac dinh boi
X1 =a

2011
In(x? + 2011%) — 2011%,x € R.

Xn41 =
Ching minh rang day s {x,,} co gi6i han.
Ching minh.

Xét ham s tuong tmg

f(x) = ==In(x? + 20112) - 20112, x € R.

Diy s da cho chinh 13
X;=a
Xn+1 = f(x),n =123, ..
Ta co
, 2011 2x 1 2.2011x 1
f (x) = 2 2 = =- 2 2 S oy
3 x2+42011 3 x2+ 2011 3

Xétham sé g(x) = f(x) —x = g'(x) = f'(x) — 1 < 0 nén phuong trinh g(x) = 0 ¢

khong qué 1 nghiém.
Ta lai co

90 = f(0) = 2

Va g(—2011) > 0 nén phuong trinh g(x) = 0 c6 it nhat mot nghiém do day 12 ham lién tuc.

In2011%2 - 20112 < 0

Tu day suy ra phuong trinh g(x) = 0 ¢6 dung mot nghiém thuc.
Goi a l1a nghiém cta phuong trinh g(x) = 0 -» f(a) = a.
Ap dung dinh 1y Lagrange cho x,y € R, do ham f(x) lién tuc trén R nén ton tai z(x, y) sao

cho: f(x)—f) =f'(@D)x—y)maf'(z) < g,‘v’znén suy ra:

Iﬂ@—f@NS%M—ﬂNLyER

Ta co:



n

ss = al = 1f () = @] < 51, —al << (3) v —al.

Taco nl—i>IIloo G)n |, — al] = 0 nén theo nguyén 1y kep nl_i)rpoolxn —al =0.

Vay day da cho c6 gioi han hitu han.

Nhén xét: Bai toan xdy dung trén nguyén Iy co v6i diy sb c6 cong thice truy hoi dang x,,,, =
f(x,),n =1,2,3...va ham f(x) 1a ham kha vi thoa man |f(x)| < q < 1 v6i q 1a mot sb
thuc duong nao dé. Bai toan duoc giai theo y tuong trén avf hdu nhu cac bai toan c6 gia
thiét thoa mén yéu cau do déu ching minh dugc tdn tai gidi han theo cung mot cach.

Bai toan tuong tu:

Cho sb a va diy sb thuc {x,,} xac dinh boi:

x1 =a
{xn+1 = In(3 + cos x,, + sinx,) — 2008, n=0,12,..

Chung minh rang diy so {x,,} c¢6 giéi han hiru han khi n tién dén duong vo cing.
Bai 4.
Cho day sb thuc {x,,} thoa min diéu kién

x3 + 3x,

X =—,Vn€ N*.
LT 342 41

a) Tim cong thuc x,, theo x; van.

b) Ching minh rang day sb {x,} c6 gi6i han hiru han.
Loi giai.
a)Tathdynéux, = 1thix, = 1,Vnvanéux, = —1,x, = —1,Vn.
Xét Truong hop x # +1 - x,, # +1,¥n. Tir cong thic diy sb ta co:

Xy +3x, +3x5+1  (x, +1)°
3x2 +1 O 3x2+1

Xn+1 1=

_Xp+3x,-3x5 -1 (x,—1)°
3x2 +1 o 3x2+1

Xn+1 —

Do d6



Xn+1 — 1 _ (xn - 1)3 vn
Xn+1 +1 (xn - 1)3 ’ .

o Xpn—1 +1
baty, =—"—,n=123,.. o x, = In
: Xnt1 Yn—1
Ta c6
xl - 1

Y1 VVne1 = Ve,n =1,2,3, ...

=x1+1

Bang quy nap ta dugc y,, = ys.

Suy ra
3Tl
x1 - 1 n n
X _yf +1_(X1+1) +1_(x1—1)3 +(x1+1)3
-1 = 1)3" _, G- DT -+ DT
x,+1
, 3 , p P
b)Xét ham 6 f(x) =3 xji’; ¢6 dao ham duong va day sd da cho co thé viét lai du6i dang

Xper = f(x),n =123, ...
Vi x; = %1 thi ta cling c6 tuong ung x,, = +1 nghia la day da cho c6 gidi han.

—2x3+42x _ —2x(x2-1)
3x2+41  3x2+1

Véix, # £1thi f(x) —x =

Ta c6 cac truong hop sau:
+Néux; > 1thix, —x; = f(x) — x < 0 nén day giam.

That vay, tr x, < x; = f(x;) < f(x;) = x5 < x,. Bang quy nap ta cd X1 < Xy, Vk nén
day da cho la diy giam. Hon nita bang quy nap ta ching minh dugc x,, > 1, Vn nén diy da cho

c6 gidi han hitu han.

+Néu 0 < x; < 1thix, —x; > 0 nén day da cho ting, ddy nay bi chin nén ciing c6 gidi han.



+ Truong hop —1 < x; < 0 va x; < 1 lam tuong tu

Vay v&i moi gia tri cua x; ta thay day ludn c6 gidi han.

Nhan xét:
\ £ 3+3 L 1R LR A L 343 e - ,
Ham s6 f(x) = al : X ¢o thé tong quat 1én bang f(x) = al +2 2 véi cach giai tuong tu. Do do
3x“+1 3x“+a
~ Lol 3(x2—a2)2 ‘A r , \ R s SN SET
ta cling co f'(x) = G > 0. Viéc xét trude cac truong hop x; = +1 @€ tranh rac roi la

viéc can thiét.
Bai 5.

2n-3
2n

n
b, =Zai,n > 1.
i=1

Chting minh rang diy (b,) c¢6 gi6i han hiru han, tim giéi han.

Cho day s6 (a,),n = 1thoamina, = 1,a, = a,-1,n = 2 vaday (b,) thoa man

Loi giai.
Twr cong thirc x4c dinh day da cho, ta c6
2na = (2n —3)a,_; © a,_, = 2[(n — 1a,_; —na,],n > 1.

Do d6 ta co:

ba= ) ar= ) 2lia; = (i + Dag] = 2[1 = (1 + Daesl

n n
=1 =1
Ta chiing minh bang quy nap rang na,, < %, vn.

-Véin = 1tacd a; = 1 nén khang dinh dung.



_Gia st khing dinh dang véin = k > 1, tic 1a ka < %

Ta co

_2k+1D-3 _2k-1 1
T T o0+ D) KT 2k + 2 kR

Ta can ching minh
2k—1 1 - 1
26+ 2" kvk  (k+ DYk +1
o (4k?—4k+1)(k+1) <4k o 1 < 3k.

o 2k —1Vk+1 < 2kvk

Bét dang thuc cudi diing nén khang dinh trén ciing ding véin = k + 1.
Theo nguyén li quy nap thi khiang dinh dugc chimg minh.

Twr d6 suy ra

2(1 —\/anl) < 2[1—(n+Day,,] = b, <2.
Theo nguyén li kep thi day b,, c6 gidi han va gidi han do 1a 2.
Nhan xét:
Bai ndy c6 thé tir cong thirc truy hoi
2n—3 (2n—-3)(2n—-1)...5.3

ap-1 =™ A =

a, =

" 2n 2n(2n —2) ... 4.2
Suy ra
o _[@n=3@n-1..53 ‘-3 (2n-3)(2n-5)
"l 2n(2n—2)..4.2 T 4n2(2n—2)2 (2n—4)?
2n—3

<
4n?2(2n — 2)?
Tir d6 ta cling c6 mot bat dang thire twong tu 101 giai ¢ trén
v2n —3
2n—2

Ngoai ra, viéc danh gia diy na,, c6 thé ding dinh i Stolz.

2na, <

Bai 6. Tim di€u kién cua a sao cho day s6 xac dinh nhu sau hdi tu:

10
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X{ = Xp1 =x2—2n+2,n=123,..
Loi giai.
Xét ham s twong tng f(x) = x? — 2x + 2 v6i do thi minh hoa trong hinh bén dudi.
Phuong trinh f(x) = x © x? — 3x + 2 = 0 ¢6 hai nghiém phan biétla x; = 1,x, = 2 nén

fx)>xnénmoix <1Vx>2vaf(x)<xvéil<x<2.

Ta xét cac truong hop sau:

+Néu a = 1 thi x,, = 1, Vn nén diy da cho hdi tu.

+Néu a = 2 thi x,, = 2,Vn nén ddy da cho hdi tu.

+Néu a > 2 thix, = f(a) > a = x; va déng thoi ham s6 f'(x) = 2x — 2 > 0 nén dong
bién. Khi d6, diy ting va khong bi chin trén nén khong hoi tu (vi néu day hoi tu thi n6 phai
hoi tu vé hai nghiém ctia phuong trinh f(x) = x nhung diéu nay khong thé xay ra).

+ Ta thiy rang chi con can xét a € (1;2) vird rangnéu a < 1 thi x, = f(x;) = a®> — 2a +
2 > 1 va ta c6 thé tién hanh khao sat ddy tir vi tri x,. Ta thdy khi a € (1;2) thi

x,=f(a)=a*—-2a+2=a(a—2)+2<2

Bang quy nap ta ching minh duoc rang x,, € (1;2), Vn.

Khi d6, ham s6 da cho, xét trén mién (1; 2) c¢6 dao ham f(x) = 2x — 2 > 0 nén dong bién,

dong thoi x, = f(x;) < x; nén diy ndy giam va bi chan dudi boi 1 nén hoi tu. Goi gidi han 1a

Ithitacol € [1;2) val =12 — 2] + 2 hay I = 2.

+ Ta s& tim diéu kién dé ton tai mot gid tri x;, cua ddy sao cho x;, € (1;2) khi d6

xg—2x,+1=0

o 0<x,_, <2.
x2 —2x, <0 et

1Sxk+1S2<—>1Sx,%—2xk+2S2<—>{

Piéu kién & trén lai c6 thé viét thanh 0 < x?_; — 2x,_; +2 <2 0 < xp_; < 2.
Do d6, néu nhu ton tai mot sd gia tri cua day sao cho x;, € [0; 2] thi tat ca sé hang ké tir 46
cling s& thudc mién nay, ta c6 diéu kién a € [0; 2].

Vay cic gi4 tri can tim cia a 1a a € [0; 2].
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Két luan

Béo cdo da dua ra mot so bai toan vé tinh gidi han cia day so va cac nhan xét, bai toan tong
quat.
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